A covariant scalar-tensor-vector gravity theory is developed which allows the gravitational constant G, a vector field coupling ω and the vector field mass µ to vary with space and time. The equations of motion for a test particle lead to a modified gravitational acceleration law that can fit galaxy rotation curves without non-baryonic dark matter. The theory is consistent with solar system and binary pulsar observations.
Introduction
Two theories of gravity called the nonsymmetric gravity theory (NGT) [1, 2, 3, 4] and the metric-skew-tensor gravity (MSTG) theory [5] have been proposed to explain the rotational velocity curves of galaxies, clusters of galaxies and cosmology without dark matter. A fitting routine for galaxy rotation curves has been used to fit a large number of galaxy rotational curve data, including low surface brightness (LSB), high surface brightness (HSB) and dwarf galaxies with both photometric data and a twoparameter core model without non-baryonic dark matter [5, 6] . The fits to the data are remarkably good and for the photometric data only the one parameter M/L is used for the fitting, once two parameters M 0 and r 0 are fixed for galaxies and dwarf galaxies. The fits are close to those obtained from Milgrom's MOND acceleration law in all cases considered. A possible explanation for the Pioneer 10-11 anomalous acceleration [8] can be obtained from the modified acceleration law [9] . The outer planets Uranus, Neptune and Pluto do not provide an accurate enough ephemerides to constrain the Pioneer 10-11 anomalous acceleration for our modified acceleration law [10] .
The gravity theories require that Newton's constant G, the coupling constant that measures the strength of the coupling of the skew fields F µνσ or B µν to matter and the mass µ of the skew fields, run with distance and time, so that agreement with the solar system and the binary pulsar PSR 1913+16 data can be achieved, as well as fits to galaxy rotation curve data and cosmological data. In ref. [5] , the running of these constants was based on a renormalization group (RG) flow description of quantum gravity theory [11] formulated in terms of an effective classical action. Large infrared renormalization effects can cause the effective G, ω, µ and the cosmological constant Λ to run with momentum k and a cutoff procedure leads to a space and time varying G, ω and µ, where r 0 = 1/µ is the effective range of the gravitational field.
In the following, we shall pursue an alternative relativistic gravity theory based on scalar-tensor-vector gravity (STVG), in which G, a vector field coupling constant ω and the mass µ of the vector field are dynamical scalar fields that allow for an effective description of the running of these "constants" with space and time. We shall not presently consider the running of the cosmological constant Λ with space and time.
The gravity theory leads to the same modified acceleration law obtained from NGT and MSTG for weak gravitational fields and the same fits to galaxy rotation curves, as well as to agreement with the solar system and pulsar PSR 1913+16 observations. It also leads to an anomalous constant acceleration that can explain the Pioneer 10-11 anomalous acceleration [9] . An important constraint on gravity theories is the tight bounds obtained from weak equivalence principle tests and the existence of a "fifth" force, due to the exchange of a massive vector boson [12] . These bounds are only useful for distances ≤ 20 A.U. and they cannot rule out gravity theories that violate the weak equivalence principle or contain a fifth force at galactic and cosmological distance scales. Since the running of G in our modified gravity theory leads to consistency with solar system data, then we can explore the consequences of our STVG gravity theory without violating any known local observational constraints.
An important feature of the NGT, MSTG and SVTG theories is that the modified acceleration law for weak gravitational fields has a repulsive Yukawa force added to the Newtonian acceleration law. This corresponds to the exchange of a massive spin 1 boson, whose effective mass and coupling to matter can vary with distance scale. A scalar component added to the Newtonian force law would correspond to an attractive Yukawa force and the exchange of a spin 0 particle. The latter acceleration law cannot lead to a satisfactory fit to galaxy rotation curves and galaxy lensing.
All the current applications of the three gravity theories that can be directly confronted with experiment are based on weak gravitational fields. To distinguish the theories, it will be necessary to obtain experimental data for strong gravitational fields e.g. black holes. Moreover, confronting the theories with cosmological data may also allow a falsification of the gravity theories. Recently, the NGT and MSTG were studied to derive quantum fluctuations in the early universe from an inflationary-type scenario [13] .
Action and Field Equations
Our action takes the form
where
and
Here, we have chosen units with c = 1, R = g µν R µν , ∇ µ denotes the covariant derivative with respect to the metric g µν and V denotes the three potentials associated with the three scalar fields G(x), ω(x) and µ(x). The field ω(x) is dimensionless and Λ denotes the cosmological constant. Moreover,
The matter action S M is defined by
where J µ denotes a matter current density source for the φ µ field. We obtain from the variation of g µν , the field equations
The total energy-momentum tensor is given by
where T M µν and T φµν denote the ordinary matter energy-momentum tensor and the energy-momentum tensor contribution of the φ µ field:
The T µν denotes the contributions to the energymomentum tensor from the scalar fields G(x), ω(x) and µ(x). A variation with respect to φ µ yields the equations
The effective gravitational "constant" G(x) satisfies the field equations
where T = g µν T µν . The scalar field ω(x) obeys the field equations
The field µ(x) satisfies the equations
If we adopt the gauge condition
then (10) takes the form
The test particle action is given by
where τ is the proper time along the world line of the test particle and m and λ denote the test particle mass and coupling constant, respectively. The stationarity condition δS T P /δx µ = 0 yields the equations of motion for the test particle
Moreover, Γ λ µν denotes the Christoffel connection:
The action for the field B µν is of the Maxwell-Proca form for a massive vector field φ µ . It can be proved that this theory possesses a stable vacuum and the Hamiltonian is bounded from below. Even though the action is not gauge invariant, it can be shown that the longitudinal mode φ 0 does not propagate and the theory is free of ghosts. Similar arguments apply to the MSTG theory [5] . It is possible to attribute the mass µ to a spontaneous symmetry breaking mechanism, but we shall not pursue this possibility at present.
Equations of Motion, Weak Fields and the Modified Gravitational Acceleration
Let us assume that we are in a distance scale regime for which the fields G, ω and µ take their approximate renormalized constant values:
where G 0 , ω 0 and µ 0 denote the "bare" values of G, ω and µ, respectively, and Z, A and B are the associated renormalization constants. For this distance scale
For a static spherically symmetric field the line element is given by
The equations of motion for a test particle obtained from (18) and (19) and assuming (22) are given by
where σ = λω/m. The orbit of the test particle can be shown to lie in a plane and by an appropriate choice of axes, we can make θ = π/2. Integrating Eq.(27) gives
where J is the conserved orbital angular momentum. Integration of Eq. (25) gives
where E is the constant energy per unit mass. By substituting (29) into (24) and using (28), we obtain
We do not have an exact spherically symmetric static solution to our field equations. For large enough values of r, we shall approximate the metric components α and γ by the Schwarzschild solution:
where M denotes the mass of the source. We also assume that 2GM/r ≪ 1 and the slow motion approximation dr/ds ∼ dr/dt ≪ 1. Then for material test particles, we obtain from (18), (19) and (30):
where J N is the Newtonian orbital angular momentum. For weak gravitational fields to first order, the static equations for φ 0 obtained from (16) are given for the source-free case by
where ∇ 2 is the Laplacian operator. For a spherically symmetric static field φ 0 , we obtain φ
This has the Yukawa solution
where β is a constant. We obtain from (32):
where K = σβ. We observe that the additional Yukawa force term is repulsive in accordance with the exchange of a spin 1 massive boson. We shall find that this repulsive component of the gravitational field is necessary to obtain a fit to galaxy rotation curves.
We shall write for the radial acceleration derived from (36):
and G ∞ is defined to be the effective gravitational constant at infinity
Here, M 0 denotes a parameter that vanishes when ω = 0 and G 0 is Newton's gravitational "bare" constant. The constant K is chosen to be
By using (38), we can rewrite the acceleration in the form
We can generalize (40) to the case of a mass distribution by replacing the factor G 0 M/r 2 by G 0 M(r)/r 2 . The rotational velocity of a star v c is obtained from v 2 c (r)/r = a(r) and is given by
The gravitational potential for a point source obtained from the modified acceleration law (40) is given by
For a spherically symmetric static potential, we have
The acceleration law (40) can be written as
We define the relation between the parameters M 0 and r 0 in terms of the magnitude of the constant acceleration
For galaxies and clusters of galaxies we assume that
where H 0 is the current measured Hubble constant H 0 = 100 h km s −1 Mpc −1 and h = (0.71 ± 0.07), which gives a 0 = 6.9 × 10 −8 cm s −2 . We note that a 0 = cH 0 ∼ ( Λ/3)c 2 , so there is an interesting connection between the parameters M 0 , r 0 and the cosmological constant Λ.
A good fit to a large number of galaxies has been achieved with the parameters [2, 6] :
M 0 = 9.60 × 10 11 M ⊙ , r 0 = 13.92 kpc = 4.30 × 10 22 cm,
where the value of r 0 is solved from (46) and (47) using M 0 = 9.60 × 10 11 . In the fitting of the galaxy rotation curves without non-baryonic dark matter for both LSB and HSB galaxies, using photometric data to determine the mass distribution M(r), only the mass-to-light ratio M/L is employed, once the values of M 0 and r 0 are fixed universally for all LSB and HSB galaxies. Dwarf galaxies are also fitted with the parameters [6] : 
Orbital Equations of Motion
We set θ = π/2 in (23), divide the resulting expression by dτ 2 and use Eqs.(28) and (29) to obtain dr dτ
We have ds 2 = Edτ 2 , so that ds/dτ is a constant. For material particles E > 0 and for massless photons E = 0.
Let us set u = 1/r and by using (28), we have dr/dτ = −Jdu/dφ. Substituting this into (50), we obtain du dφ
On substituting (31) and dr/dφ = −(1/u 2 )du/dφ into (51), we get after some manipulation:
where r 0 = 1/µ. For material test particles E = 1 and we obtain
On the other hand, for massless photons ds 2 = 0 and E = 0 and (52) gives
Solar System and Binary Pulsar Observations
We obtain from Eq.(53) the orbit equation (we reinsert the speed of light c):
Using the large r weak field approximation, and the expansion exp(−r/r 0 ) = 1 − r r 0 + 1 2
we obtain the orbit equation for r ≪ r 0 :
We can solve Eq.(57) by perturbation theory and find for the perihelion advance of a planetary orbit
) and a and e denote the semimajor axis and the eccentricity of the planetary orbit, respectively.
We now use the running of the effective gravitational coupling constant G = G(r), determined by (45) and find that for the solar system r ≪ r 0 = 14 kpc, we have G ∼ G 0 within the experimental errors for the measurement of Newton's constant G 0 . We choose for the solar system
and use G = G 0 to obtain from (59) a perihelion advance of Mercury in agreement with GR. The bound (60) requires that the coupling constant ω runs with distance in such a way that it is sufficiently small in the solar system regime.
For terrestrial experiments and orbits of satellites, we have also that G ∼ G 0 for r ∼ r ⊕ where r ⊕ ≪ r 0 = 14 kpc is the radius of Earth. We then achieve agreement with all gravitational terrestrial experiments including Eötvös free-fall experiments and "fifth force" experiments.
For the binary pulsar PSR 1913+16 the formula (59) can be adapted to the periastron shift of a binary system. Combining this with the STVG gravitational wave radiation formula, which will approximate closely the GR formula, we can obtain agreement with the observations for the binary pulsar. The mean orbital radius for the binary pulsar is equal to the projected semi-major axis of the binary, r N = 7 × 10 10 cm, so that r N ≪ 14 kpc. Thus, G = G 0 within the experimental errors and agreement with the binary pulsar data for the periastron shift is obtained for
For a massless photon E = 0 and we have
For the solar system using G = G 0 within the experimental errors gives the light deflection:
in agreement with GR.
Galaxy Clusters and Lensing
The bending angle of a light ray as it passes near a massive system along an approximately straight path is given to lowest order in v 2 /c 2 by
where ⊥ denotes the perpendicular component to the ray's direction, and dz is the element of length along the ray and a denotes the acceleration.
From (62), we obtain the light deflection
The value of M follows from (45) for clusters as r ≫ r 0 and
We choose for a cluster M 0 = 3.6 × 10 15 M ⊙ and a cluster mass M cl ∼ 10 14 M ⊙ , and
We see that M ∼ 7M and we can explain the increase in the light bending without exotic dark matter. From the formula Eq.(40) for r ≫ r 0 ∼ 14 kpc we get
We expect to obtain from this result a satisfactory description of lensing phenomena using Eq.(64).
Running of the Effective Constants G, ω and µ
The scaling with distance of the effective gravitational constant G, the effective coupling constant ω and the effective mass µ is seen to play an important role in describing consistently the solar system and the galaxy and cluster dynamics, without the postulate of exotic dark matter. We have to solve the field equations (11), (12) and (14) with given potentials V (G), V (ω) and V (µ) to determine the running of the effective constants with space and time. These equations are complicated, so we shall make simplifying approximations. Let us consider solutions for the running of these constants with radial distance r. In Eq. (11), we shall neglect the last three terms on the left-hand side of the equation and obtain for T = Λ = 0:
The running of G with r for the acceleration law is determined by Eq.(45). We obtain from (70) for the static spherically symmetric equations
By choosing the potential
we obtain a solution to (71) for G(r) given by (45). We see from (45) that for r ≪ r 0 we obtain G(r) ∼ G 0 . As the distance scale approaches the regime of the solar system r < 100A.U. where 1A.U. = 1.496 × 10 13 cm = 4.85 × 10 −9 kpc, then (40) becomes the Newtonian acceleration law:
in agreement with solar physics observations for the inner planets. Let us make the approximation of neglecting F (φ) in Eq. (12) . In the static spherically symmetric case this gives
We choose as a solution for ω(r):
where ω and µ are positive constants. The potential V (ω) has the form
We approximate Eq.(14) by neglecting the last two terms to give in the static spherically symmetric case:
We choose as a solution to this equation 
The equations for G(r), ω(r) and µ(r) are in general nonlinear and must be solved by an iteration method. Thus, we choose values for the parameters r 0 , ω, κ and µ such that for the solar system and the binary pulsar PSR 1913+16 the bounds (60) and (61) are satisfied by the solutions for G(r), ω(r) and µ(r). The solutions should yield for r ≪ r 0 , r ≪ 1/µ the values G(r) ∼ G 0 , ω(r) ∼ ω 0 and µ(r) ∼ µ 0 , so that ω 0 and µ 0 are consistent with the solar system and binary pulsar observations. Suitable choices have to be made for these running constants for Earth based experiments.
The outer planets Uranus, Neptune and Pluto can be subject to the influences of the modified Newtonian acceleration law. Only a fitting including both the inner and outer planets to the solar system ephemerides can establish whether the outer planets are affected by an anomalous acceleration as in the case of the Pioneer 10-11 spacecraft [8, 9, 10] .
The running of G as well as the coupling constant ω with space and time and the range r 0 with spatial distance are required to guarantee consistency with solar system observations. On the other hand, their increase at galactic and cosmological distance and time scales can account for galaxy rotation curves, cluster lensing and cosmology without non-baryonic dark matter.
We have constructed a classical action for gravity that can be considered as an effective field theory description of an RG flow quantum gravity scenario as described in refs. [11] and [5] .
